We carried out detailed high-precision study of Ag-like Nd 13+ , Sm 15+ and In-like Ce 9+ , Pr 10+ , Nd 11+ , Sm 13+ , Eu 14+ highly-charged ions. These ions were identified to be of particular interest to the development of ultra-accurate atomic clocks, search for variation of the fine-structure constant α, and quantum information [Safronova et. al. Phys. Rev. Lett. 113, 030801 (2014)]. Relativistic linearized coupled-cluster method was used for Ag-like ion calculations, and a hybrid approach that combines configuration interaction and a variant of the coupled-cluster method was used for the In-like ion calculations. Breit and QED corrections were included. Energies, transition wavelengths, electric-dipole, electric-quadrupole, electric-octupole, magnetic-dipole, magneticquadrupole, magnetic-octupole reduced matrix elements, lifetimes, and sensitivity coefficients to α-variation were calculated. Detailed study of various contributions was carried out to evaluate uncertainties of the final results. Energies for several similar "reference" ions, where the experimental values are available were calculated and compared with experiment for further tests of the accuracy.
I. INTRODUCTION
The modern theories aimed at unifying gravitation with the three other fundamental interactions suggest variation of the fundamental constants in an expanding universe [1] . A very large recent study of quasar absorption systems may indicate a spatial variation in the fine-structure constant α = e 2 /hc [2] . Spatial α-variation hypothesis can be tested in terrestrial studies if sensitivity δα/α ∼ 10 −19 yr −1 is achieved [3, 4] . Development of ultra-precise atomic clocks already allowed laboratory tests of the temporal α-variation at the present time. Different optical atomic clocks use transitions that have different contributions of the relativistic corrections to frequencies. Therefore, comparison of these clocks can be used to search for α-variation. The most precise laboratory test of temporal α-variation has been carried out at NIST [5] by measuring the frequency ratio of Al + and Hg + optical atomic clocks with a fractional uncertainty of 5.2 × 10 −17 . Repeated measurements during the year yielded a constraint on the temporal variation of α oḟ α/α = (−1.6±2.3)×10 −17 . Development of ultra-precise atomic clocks is also essential for various other tests of fundamental physics, development of extremely sensitive quantum-based tools, very-long-baseline interferometry for telescope array synchronization, and tracking of deepspace probes [6, 7] .
Certain systems exhibit much higher sensitivity to the variation of α allowing more precise tests of the temporal variation and possible tests of the spatial variation of α [2] . Selected transitions in highly-charged ions (HCI) were shown to have very large sensitivities to α-variation owing to high nuclear charge Z, high ionization state, and differences in the configuration composition of the corresponding states [8, 9] . While highly-charged ions have very large ionization energies, some of these systems have transitions that lie in the optical range due to level crossing. Moreover, these ions have very long-lived low-lying metastable states which is a first requirement for the development of a frequency standard. Highlycharged ions are less sensitive to external perturbations than either neutral atoms or singly charged ions due to more compact size of the electronic cloud. As a result, some of the usual systematic clock uncertainties as well as decoherence processes in quantum information applications may be suppressed.
Ag-like Nd
13+ and Sm 15+ were proposed for the development of atomic clocks and subsequent tests of the variation of the fine-structure constant in Refs. [10, 11] . Detailed study of the potential clock uncertainties with these systems [12] have shown that the fractional accuracy of the transition frequency in the clocks based on highly-charged ions can be smaller than 10 −19 . Estimated sensitivity to the variation of α for highly-charged ions approaches 10 −20 per year [10] , which may allow for tests of spatial variation of the fine-structure constants that may be indicated by the observational studies [2] . In-like Ce 9+ , Pr 10+ , Nd 11+ and Sm 13+ were proposed for the applications listed above in Ref. [11] . Experimental work in HCIs requires knowledge of many atomic properties of these systems, especially, wavelengths, transition rates, and lifetimes. To the best of our knowledge, no transition rates or lifetimes have been measured for any of the HCIs studied in this work. . Accurate theoretical predictions of the transition wavelengths for these systems are particulary difficult owing to severe cancellations of upper and lower state energies, and we use the most high-precision methods available to perform the calculations.
In this work, we carried out detailed high-precision study of Ag-like Nd 13+ and Sm 15+ and In-like Ce 9+ , Pr 10+ , Nd 11+ , Sm 13+ , and Eu 14+ highly-charged ions using a relativistic linearized coupled-cluster method and a hybrid approach that combines configuration interaction and a variant of the coupled-cluster method. Breit and QED corrections were included into the calculations. Key results were presented in Ref. [11] . Our calculations include energies, transition wavelengths, electricdipole, electric-quadrupole, electric-octupole, magneticdipole, magnetic-quadrupole, magnetic-octupole transition rates, lifetimes, and sensitivity coefficients to α-variation q and K. We carried out extensive study of the uncertainties of our results. Three independent methods were used for the uncertainty studies:
• • For three of the In-like Ce 9+ , Pr 10+ , and Nd
11+
"monovalent" ions, both of the approaches used in this work are applicable so we were able to compare the various properties calculated with both methods to study the accuracy of the calculations.
• Detailed study of higher-order, Breit, QED, and higher partial wave contributions was carried out to evaluate uncertainties of the final results for each ion.
We start with the brief description of the methods used in this work in Section II. The results for Ag-like and In-like ions are presented in Sections III and IV, respectively.
II. METHODS
We use two different relativistic high-precision approaches for all of the calculations carried out in this work. The first approach is the relativistic linearized coupled-cluster method that includes all single, double, and partial triple excitations (SDpT) of Dirac-Fock wave function [13] . It is applicable only to monovalent systems, so we use it for the calculation of properties of Ag-like ions and those In-like ions that can be treated as monovalent systems. SDpT has been extremely successfully in predicting properties of alkali-metal atoms and other monovalent ions [13] .
A. Monovalent systems: all-order SDpT method
The Ag-like ions have a single valence electron above the closed 1s 2 2s 2 2p 6 3s 2 3p 6 3d 10 4s 2 4p 6 4d 10 core. It allows us to use relativistic linearized coupled-cluster method that includes all single, double, and partial triple excitations of Dirac-Fock wave function. We refer the reader to the review [13] for detail description of the method and its applications and give only a brief introduction to this approach.
The point of departure in all our calculations is the relativistic no-pair Hamiltonian H = H 0 +V I [14] expressed for the case of frozen-core V N −1 Dirac-Fock potential as
where g ijkl are two-particle matrix elements of the Coulomb interaction, i in Eq. (1) is the eigenvalue of the Dirac equation, a † i , a i are creation and annihilation operators, and : : designate normal ordering of operators with respect to the core.
In the linearized coupled-cluster SDpT approach the atomic wave function of a monovalent atom in a state v is given by an expansion
Here indices a and b range over all occupied core states while the indices m, n, and r range over all possible virtual states, and |Ψ C is the lowest-order frozen-core wave function. The quantities ρ ma , ρ mv are single-excitation coefficients for core and valence electrons; ρ mnab and ρ mnva are core and valence double-excitation coefficients, respectively. The triple excitations ρ mnrvab are included perturbatively into the energy and single-valence excitation coefficient equations. In the single-double (SD) variant of the all-order method, only single and double excitations are included. The equations for the excitation coefficients ρ and the correlation energy are derived by substituting the state vector |Ψ v into the many-body Schrödinger equation H|Ψ v = E|Ψ v . The resulting system of equations is solved iteratively until the correlation energy converges to required numerical accuracy. This approach includes dominant many-body perturbation theory (MBPT) terms to all orders because every iteration picks up correlation terms that correspond to the next order of perturbation theory. The matrix elements of any one-body operator Z = ij z ij a † i a j , such as transition operators Ek and M k, k = 1, 2, 3 needed for this work, are obtained within the framework of the all-order method as
where |Ψ v and |Ψ w are given by the expansion (3) restricted to SD approximation. The terms Z (a) · · · Z (t) are linear or quadratic functions of the excitation coefficients and z wv is the DF matrix element [15] .
We use a complete set of DF wave functions on a nonlinear grid generated using B-splines constrained to a spherical cavity R = 60 a.u. The basis set consists of 50 splines of order 9 for each value of the relativistic angular quantum number κ.
The Breit interaction is included in the construction of the basis set. The QED radiative corrections to energy levels are included using the method described in [16] . The contribution of the QED corrections for the ions calculated in this work is only significant for the configurations that contain valence 5s state. Therefore, the QED can be omitted for ions where none of the low-lying configurations contain 5s valence state.
The partial waves with l max = 6 are included in all internal summations over all excited states. We find that inclusion of the higher partial waves with l > 6 is very important for accurate description of the 4f states. We use second-order perturbation theory where we can extrapolate the result to l max = ∞ to evaluate the contribution of l > 6. The results are illustrated in Table I where we list second-order Coulomb correlation energies calculated with l max = 5 and l max = 6, their difference which is the contribution of l = 6, and the final results calculated with l = 10 partial waves and extrapolated to account for l > 10 contributions. The difference of the final and l max = 6 results gives the contribution of the l > 6 partial waves (last column). We find that it is remarkably close to the contribution of the l = 6 partial wave. The second order dominates correlation energy, therefore, this empirical rule is expected to hold for the all-order correlation corrections. As a result, we estimate the effect of higher partial waves in all of the calculations in this work by carrying out the entire all-order calculation with l max = 5 and l max = 6 and adding the difference to the final result. We label this contribution "Extrap" in all tables below.
B. Multivalent systems: CI+all-order method
The linearized coupled-cluster method used for Aglike ions is not directly applicable for systems with two or more valence electrons. We use a hybrid method that combines the modified linearized single-double (SD) coupled-cluster method with configuration approach developed in [19, 20] . The CI many-electron wave function is obtained as a linear combination of all distinct states of a given angular momentum J and parity [21] :
Then, energies and wave functions of low-lying states are determined by diagonalizing the effective Hamiltonian:
where H 1 and H 2 represents the one-body and two-body parts of the Hamiltonian, respectively. The matrix elements and other properties, such as electric-multipole and magnetic-multipole transition matrix elements, can be determined using the resulting wave functions. The CI + many-body perturbation theory (MBPT) approach developed in [21] allows one to incorporate core excitations in the CI method by including perturbation theory terms into an effective Hamiltonian (6) . Then, the one-body part H 1 is modified to include the correlation potential Σ 1 that accounts for part of the core-valence correlations:
and the two-body Coulomb interaction term H 2 is modified by including the two-body part of core-valence interaction that represents screening of the Coulomb interaction by valence electrons;
The CI method is then applied as usual with the modified H eff to obtain improved energies and wave functions. In the CI + all-order approach, the corrections to the effective Hamiltonian Σ 1 and Σ 2 are calculated using a modified version of the linearized coupled-cluster allorder method described above which allows to include dominant core and core-valence correlation corrections to the effective Hamiltonian to all orders. The detailed description of the CI+all-order method and all formulas are given in [20] . Since the CI space includes only three valence electrons for In-like ions, it can be made essentially complete. The CI+all-order method yielded accurate wave functions for the calculations of such atomic properties as lifetimes, polarizabilities, hyperfine structure constants, etc. for a number of divalent systems and Tl [20, [22] [23] [24] [25] [26] [27] . We refer the reader to Refs. [13, 28, 29] and [20, 22-24, 26, 27] for detailed descriptions of the linearized coupled-cluster and CI+all-order methods, respectively. We use both methods for In-like ions with the exception of Sm 13+ and Eu 14+ that have low-lying trivalent configurations, such as 4f 2 5s as an additional test of accuracy.
As in the monovalent all-order method, we included the Breit interaction on the same footing as the Coulomb interaction in the basis set, which incorporates higher-order Breit effects. The Gaunt part of the Breit interaction is included in the CI. The contribution of the l > 6 partial waves is calculated as described above, i.e. using the empirical result that total l > 6 extrapolated contribution is approximately equal to the l = 6 contribution. To evaluate the uncertainty of our calculations, we carried out several calculations for each ion to separate the contributions of the higher-order Coulomb correlation, Breit, QED, and l > 6 higher partial waves. Several methods are developed to evaluate the uncertainties.
The sensitivity of the atomic transition frequency ω to the variation of the fine-structure constant α can be quantified using a coefficient q defined as
where
In the equation above, the frequency ω 0 corresponds to the value of the fine-structure constant α 0 at some initial point in time. It is preferable to select transitions with significantly different values of q, since the ratio of two frequencies, which is a dimensionless quantity, is studied over time in the experiment. Extra enhancement will be present if q for these transitions have different signs. We also define a dimensionless enhancement factor K = 2q/ω.
The calculation of sensitivity coefficient q requires a performance of three calculations with different values of α for every ion considered in this work. First, the calculation is carried out with the current CODATA value of α [30] . Next, two other calculations are performed with α 2 varied by ±1%. The value of q is then determined as a numerical derivative
where ω(±0.01) are results of the calculations with α 2 varied by ±1%, respectively. The other calculation (with CODATA value of α) is used to verify that the change in ω is very close to linear. We also carried out test calculation for one of the ions, Pr 10+ , with changing α 2 by ±5% and obtained results identical to the ones obtained with ±1% change.
The lifetime of a state a is calculated as
The multipole transition rates A ab are determined using 
A(M 1) = 2.69735 × 10
A(M 2) = 1.49097 × 10
A(E3) = 3.14441 × 10
where the wavelength λ is inÅ and the line strength S is in atomic units. Contributions from higher-order Coulomb correlation, estimated contributions of higher partial waves (above l > 6), Breit interaction, and QED are given separately in columns HO, Extrap, Breit, and QED. The higherorder corrections are calculated as the difference of the all-order and the second-order results. All all-order calculations include partial triple excitations as described above. The Breit contribution is calculated as the difference of the energies obtained with and without the inclusion of the Breit interactions. The QED radiative corrections to energy levels are included using the method described in [16] . Experimental results are from [17] for Ba 9+ and [18] for Nd 13+ and Sm 15+ . Difference with experiment is given in cm −1 and % in columns "Diff." and "Diff.%". Wavelengths for transitions to the ground state are given in last two columns in nm. Our results are in excellent agrement with experimental data. We also include comparisons with recent correlation potential method results of Ref. [10] . The table illustrates that inclusion of Breit, higher-order partial waves, and QED contributions is essential for achieving accurate results.
III. AG-LIKE IONS
The sensitivity coefficients q for Ag-like ions obtained as described in Section II are given in Table III . Lowestorder DF and final SDpT all-order sensitivity coefficients q are given for comparison. The Breit interaction is included and QED is omitted in the calculation of q factors. Final SDpT all-order transition energies are given for reference. All energy and q values are given relative to the ground state in cm −1 . SDpT energies and q coefficients are used to calculate enhancement factors K = 2q/ω given in the last column of the table. For consistency, we use our final theoretical values of energies to calculate K for all ions considered in this work. We find that while the correlation correction is very important for accurate calculation of the transition energies, it only weakly affects the values of q. The DF values differ from the final all-order values of q by less than 2% with the exception of the 4f 5/2 − 4f 7/2 transition in Sm 15+ , where the transition energy is relatively small and correlation contributes 6.3%. The enhancement factors are large for the 5s − 4f transitions for both ions.
Lowest order (Z DF ) and all-order (Z SDpT ) multipole matrix elements Ek and M k, k = 1, 2, 3 in a.u. and corresponding transition rates A (in s −1 ) are given in Table IV . The transition rates are calculated using the formulas in Section II. Experimental energies from Ref. [18] are used in transition rate calculations. The experimental energies (in cm −1 ) and wavelengths (in nm) from Ref. [18] are listed in Table IV . The lifetimes are given in the same row as the level designation for the convenience of presentation. A single transition gives the dominant contribution to the lifetimes of Nd 13+ states considered in this work. The strongest transition from the metastable 4f 5/2 level of this ion is E3, resulting in the extremely long lifetime of more than 15 days. Therefore, this system may be considered to have two ground states. The low-lying levels of Nd 13+ ion and our estimates of the radiative lifetimes are shown in Fig. 1 
for illustration. Long lifetimes of Nd

13+
ion and large values of q make it particularly attractive candidate for applications considered in this work.
There are two significant contributions to the lifetime of the 5s state in Sm 15+ , 5s − 4f 5/2 and 5s − 4f 7/2 , both of which are E3 transitions. The 5s − 4f 5/2 M2 transition gives negligible contribution. The 5s state has also extremely long lifetime, 3.6 days, but has two decay channels.
The sensitivity of transitions in Nd 13+ and Sm 15+ to variation of α as well as uncertainty budget of the atomic clocks were discussed in detail in Ref. [10] . Blackbody radiation shift, Zeeman shift, electric quadrupole shift, and other perturbations affecting clock frequencies were considered in [10] and the ultimate fractional frequency uncertainty was projected at 10 −19 .
IV. IN-LIKE IONS
In-like ions have two more valence electrons in comparison with Ag-like ions, and in general are considered to be trivalent systems.
However, the states with 5s 2 nl valence configurations above 1s 2 2s 2 2p 6 3s 2 3p 6 3d 10 4s 2 4p 6 4d 10 core may be considered to be monovalent with 5s 2 shell included into the core. These ions may be treated with both monovalent coupled-cluster SDpT all-order method and manyelectron CI+all-order method. We use both of these approaches and compare their accuracy. The accuracy of these methods for neutral Tl and In has been recently discussed in Refs. [32, 33] illustrates that the CI+all-order method gives the results in better agreement with experiment. Therefore, the CI+all-order results are taken as final for all five ions presented in Table V . In order to evaluate the accuracy of our values, we carried out several calculations which allowed us to separate the effect of higher orders of MBPT, Breit interaction, and contributions of higher partial waves. QED correction is small for transitions with no 5s state, and is omitted. The contributions of the higher-orders is evaluated as the difference of the CI+all-order and CI+MBPT results. The Breit contribution is calculated as the difference of the results with and without the inclusion of this effect. The contribution of the higher (l > 6) partial waves (labeled "Extrap") is estimated to be equal to the contribution of the l = 6 partial wave following our empiric rule obtained for Ag-like ions. The contribution of the l = 6 partial wave is obtained as the difference of two calculations where all intermediate sums in the all-order and MBPT terms are restricted to l max = 6 and l max = 5. The resulting contributions from higherorder Coulomb correlation (difference of the CI+MBPT and CI+all-order calculations), estimated contributions of higher partial waves (above l > 6), and Breit interaction are given separately in columns HO, Extrap, and Breit of Table V . The final theoretical results are listed in "CI+all" column.
The experimental results are from [17] for Cs 6+ and Ba 7+ and [31] for Ce 9+ . Wavelengths for transitions to the ground state are given in last two columns in nm. Estimated uncertainties of theoretical calculations are given in column "Unc". We use Ba 7+ reference ion to estimate the uncertainties of the Ce 9+ calculations using the approaches described in the previous sections. The uncertainty is estimated as the sum of the following: (1) difference of the theoretical and experimental energies for the reference ion (Ba 7+ ) and (2) difference in the sum of all four corrections between the reference and the current ion, Ce 9+ . The resulting uncertainties for the 4f states are very close to the actual differences with experiment, while the uncertainty of the 5p state is significantly overestimated.
The energies of the 4f levels of Pr 10+ are very difficult to calculate accurately since these are very close to the ground 5p 1/2 state. The one-electron removal energies of the 5p 1/2 and 4f 5/2 states are −1.3 × 10 6 cm −1 , and these values cancel to 99.7 % when two energies are subtracted to obtain the ab initio transition energy of 3432 cm −1 . Meanwhile, all of the corrections (HO, Breit, and Extrap) are large, 1000-3000 cm −1 and partially cancel each other. Studying the trends of the difference between theory and experiment for three previous ions of the sequence shows that the discrepancy somewhat increases for heavier ions, which probably results from rapid increase of actual removal energies. Therefore, we adjust our ab initio values 3432 cm −1 and 6761 cm −1
for the 4f 5/2 and 4f 7/2 states, respectively, by the difference of the Ce 9+ results with experiment, i.e. 270 cm −1 . The change in sum of all three corrections between Ce
9+
and Pr 10+ is only 120-170 cm −1 . Therefore, we estimate the uncertainty in these energies to be on the order of 200 cm −1 . The uncertainty in the 5p 3/2 energy is taken to be 40 cm −1 based on the accuracy of this energy for Ce 9+ ion.
The sensitivity coefficients q for Pr 10+ obtained in the lowest-order Dirac-Fock (DF+Breit), SDpT, and CI+all-order approximations are given in Table VI in cm −1 . The second-column (DF) shows lowest-order results without the Breit interaction. Breit is included in all other calculations. Just as in the case of Ag-like ions, the correlation effect on the values of q is small, 0.3-1.0%. The Breit interaction contributes from -1.3% to -2.7%. The differences between the coefficients q calculated using the CI+all-order and SDpT methods are negligible. The final CI+all-order sensitivity coefficients q for "monovalent" In-like Ce 9+ , Pr 10+ , and Nd 11+ ions are given in Table VII together with the corresponding CI+all-order transition energies and K enhancement factors.
Lowest-order (Z DF ) and all-order (Z SDpT ) multipole matrix elements E2 and M 1, transition rates A (in s −1 ), and lifetimes in In-like ions are listed in Table VIII . The lifetimes are given in the same row as the level designation for the convenience of presentation. Experimental energies from Refs. [17, 31] 10+ calculated using the SDpT (oneelectron) and CI+All (three-electron) methods is given in Table IX . The values calculated by both methods are in excellent agreement. The low-lying levels of Pr 10+ ion and our estimates of the radiative lifetimes are shown in Fig. 2 for illustration.
The order of levels changes again for Sm 13+ , where 5s4f 2 configuration becomes the closest to the ground 5s 2 4f j fine-structure multiplet. This leads to a very interesting level structure with a metastable 5s4f 2 J = 7/2 level in the optical transition range to both ground and 14+ . In the case of the 5s 2 4f fine structure multiplet energy levels of Eu 14+ , we take the average of 25% estimate and sum of the all four corrections as an uncertainty. We note that this is the first time that the CI+all-order method was applied to such complicated configurations as 4f 3 and no benchmark comparisons with experiment exist for such states. Therefore, experimental measurement of Eu 14+ will serve as an excellent benchmark of the method accuracy that will allow to further develop the methodology for more complicated systems with partially filled nf shells.
The final CI+all-order sensitivity coefficients q for "trivalent" In-like Sm 13+ and Eu 14+ ions are given in Table XII . Energies from Table X used for evaluation of the matrix elements and transition rates are given for reference. Multipole matrix elements are evaluated in the CI+all-order approximations (a.u.). The numbers in brackets represent powers of 10. The CI+all-order matrix elements calculated without random-phaseapproximation (RPA) correction are listed in column labelled Z noRPA . In such a calculation, "bare" Ek and M k operators are used instead of the effective transition operators (for example electric-dipole D eff ). While RPA correction is significant for E1 and E2 transitions, it is small for M1 transitions between the levels of the finestructure multiplet.
We find that the lifetimes of the Sm 13+ levels are relatively small, less then 1 sec, making it less attractive for our applications of interest. Nevertheless, shorter lifetimes will make locating the transitions easier so this ion may be used as a benchmark for further improvement of the theory. If measurements are carried out in this ion, it may be possible to use the resulting comparison to further improve the theory for other ions.
The case of Eu
14+ is similar and does not appear to have all features for the clock development. While uncertainty of our data is large, present results place the first level too close to the ground state to be practically useful. The next level is of the same configuration as the ground state and has small value of q. Finally, 4f
3 J = 11/2 level is short lived since it can decay via the M 1 transition to 4f 3 J = 9/2 level below. However, measurement of this ion energy levels would be very useful as the benchmark for other systems.
V. CONCLUSION
We carried out detailed high-precision study of Ag- 
